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Abstract. Biotechnological improvements over the last decade has
made it economically and technologically feasible to collect large DNA
sequence data from many closely related species. This enables us to study
the detailed evolutionary history of recent speciation and demographics.
Sophisticated statistical methods are needed, however, to extract the
information that DNA sequences hold, and a limiting factor in this is
dealing with the large state space that the ancestry of large DNA sequences spans. Recently a new analysis method, CoalHMMs, has been
developed, that makes it computationally feasible to scan full genome
sequences – the complete genetic information of a species – and extract
genetic histories from this. Applying this methodology, however, requires
that the full state space of ancestral histories can be constructed. This
is not feasible to do manually, but by applying formal methods such as
Petri nets it is possible to build sophisticated evolutionary histories and
automatically derive the analysis models needed. In this paper we describe how to use colored stochastic Petri nets to build CoalHMMs for
complex demographic scenarios.

1

Introduction

Biotechnological advances over the last decade have dramatically reduced the
cost of obtaining the full genetic material of an individual – the full genome –
and genomes from many closely related species are now available. For example,
one or more genomes have been sequenced for each species of the great apes, the
closest related species to humans. This puts us in the unique position to learn
much more about human evolutionary history over the last 15 million years than
what has previously been gleaned from fossils and from single gene studies.
Computational approaches to studying biology enables sophisticated analysis
and provide the only feasible approach to analysis for very large data sets, such as
full genome sequences. Whole genome comparisons hold the key to decipher the
speciation process, selection and demographic changes in human and great ape
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history, but analysis methods that are statistical powerful and computationally
eﬃcient are still in their infancy.
Sequential Markov Coalescent (SMC) and its inference method Coalescent
hidden Markov models (CoalHMMs) [5,8,9,12,18,22,24] is a recently developed
methodology for analyzing genome relationships and make inference of speciation divergence and the mechanisms involved in speciation. CoalHMMs combine
the so-called “coalescence process” model of population genetics [11] with the
computational eﬃcient statistical tool “hidden Markov models” [7] and provides
the ﬁrst approach to analyze the speciation process computationally scalable
to whole-genome analysis. CoalHMMs model the dependence of the genealogies
(tree relationships) between neighboring nucleotides along a genomic sequence
as a function of the events of coalescence and recombination in the history of
the sequences, and can analyze samples of entire genomes appropriately aligned.
The ﬁrst CoalHMMs were designed to estimate split times and genetic diversity in the species ancestral to human, chimpanzee and gorilla by analyzing
patterns of incomplete lineage sorting – i.e. patterns of genealogies inconsistent
with the species phylogeny caused by deep coalescences [8,12]. The same models
were later used to analyze the complete orangutan genome [17] and gave insight
into the evolutionary forces forming the great ape genomes [13]. The models have
also been applied to the gorilla genome [29] and bonobo genome [25] further illuminating the evolution of our own species by comparing our genome with our
closest ape relatives. A diﬀerent approach to CoalHMMs was recently used to
infer demographic parameters of the human species [16].
A major limitation of the initial CoalHMM methods is that they do not generalize to comprise complex demographic and speciation scenarios. The methods
strongly depend on patterns of incomplete lineage sorting and do not allow for
complex population structures, population size bottlenecks, gene ﬂow etc. This
was amended in the method used for analyzing the orangutan subspecies [18].
Here, a mathematical model based on continuous time Markov chains (CTMCs)
was used to explicitly model the probability of changes in genealogies along a
genome sequence, using exact calculations from the coalescence process. While
this ﬁrst CTMC based method is rather simple, only capturing changes in coalescence time between two genomes, the strengths of the CTMC approach is
that, in theory, it generalizes to a large variety of scenarios.
Constructing CTMC models of complex demographic scenarios, however, is at
best tedious and error prone, considering the large state space of these models,
and it is unlikely that they can be constructed correctly by hand. In this paper
we propose using colored Petri nets (CPN) [15] as a formal method for specifying
genetic models and give algorithms for translating the state space of such models
into CoalHMMs.
In the next section, we will provide background information for the coalescent
process and present a CPN model of the coalescence process. In the following
section we describe how the coalescent CPN model can be used to deﬁne a
Markov model along a genome, approximating the coalescence process. This is
similar to the construction of a Markov chain from a stochastic Petri net [21].
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We then present results from our prototype implementation, and ﬁnally draw
our conclusions.

2

Modeling the Coalescent Process

The general idea behind coalescent hidden Markov models is to approximate
the coalescent process by a Markov model along a genomic alignment. Below
we ﬁrst present the coalescence process and then present a CPN model of the
coalescence process over two neighboring nucleotides.
2.1

The Coalescent Process

The coalescent process [11] is a statistical model describing the genetic relationship of a sample of genes. The coalescent process assumes that k genes have
been sampled in a population, and models how their ancestry (or “genealogy”)
could be, providing probabilities to diﬀerent scenarios of the genes ancestry from
which a number of properties of the population can be inferred.
The process runs backwards in time, and in its simplest form each pair of genes
can coalesce with a ﬁxed rate. When two genes coalesce, it models the time where
they last shared an ancestor (known as the most recent common ancestor, or
MRCA, of the two genes). After a pair of genes have coalesced, they are replaced by
a gene representing their MRCA, and the process continues further back in time,
now with k − 1 genes. The process is continued until all genes have coalesced, i.e.
when k = 1. A run of the coalescent process corresponds to a tree, where the order
in which diﬀerent genes coalesce determines the topology and the time in which
genes coalesce determines the branch lengths, see Fig. 1 (a).
By treating the process as a continuous time Markov chain, each tree can be
assigned a probability, and by placing mutations on the tree we can compute
the probability that a given tree gave rise to the observed genes. From this
we can get the joint probability of the tree and the observed genes, and use
this to make statistical inference. Since the true ancestry of genes is unknown,
and in general unknowable, statistical inference based on the coalescence process
involves integrating over all trees, either explicitly (for small k) or with statistical
Monte Carlo integration (for larger k).
A simple tree relationship for genes, however, is an inaccurate model of species
with two genders. Sex cells in species with two genders are constructed as “recombinations” of the genetic material inherited by each parent. In the coalescent
process, this is modeled by adding a second type of event. Each gene can undergo
recombination, in which case the gene is split in two at a random point, the left
and right side of the recombination point. The process is then continues with
k + 1 genes as the left and right part of the recombined gene is assumed to have
independent ancestries.
A run of the coalescent process with recombination can no longer be represented as a tree but instead a directed acyclic graph, known as the ancestral
recombination graph or ARG, see Fig. 1 (b). Scanning from left to right along
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Fig. 1. A coalescence tree and an ancestral recombination graph. (a) A coalescence
tree, where ﬁrst genes 1 and 2 coalesce into their most recent common ancestor, {1, 2},
then genes 3 and 4 coalesce into their most recent common ancestor {3, 4} and ﬁnally
all genes coalesce into the grand most recent common ancestor. (b) An ancestral recombination graph of four sequences of length two. First genes 3 and 4 coalesce, where
both their left and right nucleotide ﬁnd an ancestor at the same time. Then gene 2
recombines, leading to independent genes for its left and right nucleotide. The right
nucleotide of gene 2 coalesce with the ancestor of genes 3 and 4 while the left nucleotide
of gene 2 coalesce with gene 1, before all genes ﬁnd their most recent common ancestor.
The left and right nucleotide in this example have diﬀerent genealogies, with the left
having topology ((1, 2), (3, 4)) and the right having topology (1, (2, (3, 4))).

the sampled genes, at each point the ancestry of the genes will be a tree, but the
trees can change whenever a recombination point is seen. The tree at each point
is known as a local genealogy while the ARG is known as the global genealogy
of the genes.
The state space of possible ARGs for a gene sample is generally intractable
for all but the smallest samples [30] even for statistical integration, and to deal
with large sample sizes or long gene sequences approximations to the process
is necessary. One such approximation is assuming that the relationship between
genealogies is Markov along the genes [1, 20], an assumption that greatly reduces the complexity of the process. Assuming the Markov property essentially
means that we only need to model pairs of nucleotides rather than the full DNA
sequence, since the probability of a sequence can be speciﬁed through all the
pairwise probabilities.
2.2

A Colored Petri Net Model for Pairwise Genealogies

While the coalescence process is diﬃcult to make inference from, the rules for how
the process generates genealogies are straightforward and can be expressed as a
very simple colored Petri net. The way the coalescence process treats genes as
independent items with events that can aﬀect one or two genes maps straightforwardly to a CPN model where genes become tokens and coalescence and

36

T. Mailund, A.E. Halager, and M. Westergaard

(l1,r1) + (l2,r2)

Coalescence

(l1 ∪ l2,r1 ∪ r2)

(l,r)

Recombination

(l,Ø) + (Ø,r)

Fig. 2. CPN model of the basic two-nucleotide coalescence. This rather simple colored
Petri net can construct all two-nucleotide coalescence runs for any number of samples
in a single population. The set of genes in the process are represented as tokens on
the single place, where each token contains a pair of sets of sampled genes. The pair
represent the left and right nucleotide in the gene, and the sets the genes or most recent
common ancestor of a set of genes. A coalescence event combines the left and right sets
of the genes, while a recombination breaks up one gene into two: the left and right
nucleotide of the original gene.

recombination events become transitions. Such a CPN model is shown in Fig. 2.
The CPN model has a single place, containing the genes of the process, and two
transitions modeling the two operations Coalescence and Recombination. The tokens on the single place consists of pairs – the left and right nucleotide of the
genes – and each nucleotide will contain the set of original sampled genes. The
initial marking consists of pairs ({i} , {i}) for genes i = 1, . . . , k
A run of this CPN, producing the ARG in Fig. 1 (b), would look like this:
State:
Binding:
State:
Binding:
State:
Binding
State
Binding:
State
Binding:
State:

1‘({1}, {1}) + 1‘({2}, {2}) + 1‘({3}, {3}) + 1‘({4}, {4})
[Coalescence; 1‘({3}, {3}) + 1‘({4}, {4})
1‘({1}, {1}) + 1‘({2}, {2}) + 1‘({3, 4}, {3, 4})
[Recombination; 1‘({2}, {2})
1‘({1}, {1}) + 1‘({2}, ∅) + 1‘(∅, {2}) + 1‘({3, 4}, {3, 4})
[Coalescence; 1‘({3, 4}, {3, 4}) + 1‘(∅, {2})
1‘({1}, {1}) + 1‘({2}, ∅) + 1‘({3, 4}, {2, 3, 4})
[Coalescence; 1‘({1}, {1}) + 1‘({2}, ∅)
1‘({1, 2}, {1}) + 1‘({3, 4}, {2, 3, 4})
[Coalescence; 1‘({1, 2}, {1}) + 1‘({3, 4}, {2, 3, 4})
1‘({1, 2, 3, 4}, {1, 2, 3, 4})

When we have diﬀerent populations or diﬀerent species, the probability of
coalescing genes in diﬀerent populations/species is zero, and we cannot model
genes in this simple way. To model this, we can annotate tokens with populations and only allow Coalescence and Recombination to aﬀect genes within a
single population, but instead add a new event that migrates a gene from one
population to another, see Fig. 3.
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(p,(l,r))

Coalescence

Recombination

(p,(l1 ∪ l2,r1 ∪ r2))

(p,(l,Ø)) + (p,(Ø,r))
(p,(l,r))

(q,(l,r))

Migration

[q ≠ p]

Fig. 3. CPN model with migration. To model diﬀerent populations, we annotate each
token with the population it belongs to. Coalescence events are only possible between
lineages in the same population. Recombination, as well, although this only involves a
single lineage so the diﬀerence is only seen in the arc annotation. To allow lineages to
move from one population to another, a new transition is added that moves one lineage
from one population to another.

2.3

Building Coalescent CTMCs from the Petri Net Speciﬁcation

From the CPN speciﬁcation we can build a state space capturing all possible
ancestries of a sample. Our goal is to assign probabilities to all such ancestries.
To do this, we consider the process a continuous time Markov chain (CTMC),
and build the complete state space graph of the system. This corresponds to a
matrix of rates between states where the rate between states is given by the type
of transition in the CPN, and is similar to how a Markov chain is constructed
from a Stochastic Petri net. We cannot use vanilla stochastic Petri nets, though
as the transition rates depend also on the binding of the variables and we need
to keep it symbolic for future estimation.
In terms of CTMC theory, what we construct is the instantaneous transition
matrix, usually denoted Q and from this we can derive the probability of any run
of the system. Obtaining a probabilistic model of the ancestries of a sample thus
involves building the complete state space of the CPN model, translating this
into a matrix of rates of transitions and considering this a CTMC rate matrix.
For samples from a single population, we assign a ﬁxed rate to transitions and
recombinations (see Fig. 2), while for a scenario with multiple populations, we
allow diﬀerent coalescence rates for each population and diﬀerent migration rates
between diﬀerent pairs of populations.
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Constructing Sequential Markov Coalescent Models

The computational eﬃciency of CoalHMMs stems from assuming that the probability distribution of genealogies along a genome alignment is Markov: The
probability of a local genealogy depends on its immediate neighbor, but not the
more distant genealogies [1, 20, 22]. This way, the probability of a genealogy of
the entire alignment can be speciﬁed from just the probability distribution of
genealogies of two neighboring nucleotides [8, 18].
Let Pr (GL , GR ) denote the joint probability of genealogies, GL and GR of two
nucleotides L and R (left and right). If this probability can be eﬃciently computed, then the probability of a genealogy over L nucleotides, Pr (G1 , G2 , . . . , GL )
L−1
can eﬃciently becomputed as Pr (G1 , G2 , . . . , GL ) = Pr (G1 ) i=1 Pr (Gi+1 | Gi )
where Pr (G1 ) = g Pr (G1 , g) and Pr (Gi+1 | Gi ) = Pr (Gi , Gi+1 ) / Pr (Gi ).
The key idea in Mailund et al. [18], that we generalize in this paper, was
that these joint probabilities can be computed from a two-nucleotide CTMC.
We can explicitly enumerate all possible states and state changes in the ancestry
of two neighboring nucleotides, construct the corresponding CTMC, and obtain
probabilities from this. Constructing the CTMC manually is feasible for small
systems, as in Mailund et al. [18], but quickly becomes unmanageable. Below
we show how the system can be constructed from a colored Petri net, and how
the joint probability of a pair of genealogies can be algorithmically constructed
from this.
To fully specify a CoalHMM we need to specify both transition and emission matrices (see Appendix A for the formal speciﬁcation of a hidden Markov
model), but since emission matrices can be computed using standard bioinformatics techniques, we will only focus on the transition matrix here. Constructing
the transition matrix for the CoalHMM from the CTMC involves two steps: projecting a run of the CTMC onto the two neighboring genealogies, and discretizing
time into time-intervals.
3.1

Projecting Runs of the CPN Model onto Pairs of Genealogies

A run of the CTMC involves coalescence events, recombination events and migration events. Of these, only coalescence events, where two lineages ﬁnd a MRCA,
are observable in the genealogies. All other events are important for computing
the probability of the genealogies, but only the times of MRCAs are directly
observable as genealogies and all other events should be integrated out when the
probabilities of genealogies are computed.
The time points where two lineages ﬁnd their MRCA corresponds to transitions in the CTMC state space where the system moves from one strongly
connected component (SCC) to another since both migration and recombination events are reversible through a migration back or a coalescence of the two
genes recombined, respectively. The genealogies of interest thus correspond to
the paths in the SCC graph of the CTMC state space. Enumerating all paths in
the SCC graph thus gives us all the genealogies to be considered, and there is
a one-to-one correspondence between pairs of genealogies and paths in the SCC
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(a) ARG and corresponding states and SCCs

1

2
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4

(b) Left genealogy

1

2

3

4

(c) Right genealogy

Fig. 4. ARG, state space and strongly connected components of a run. (a) On the left
the ARG from Fig. 1 (b). In the middle the CPN states corresponding to this ARG. On
the right, the strongly connected components corresponding to this run of the CPN.
The SCC is represented by the coalesced lineages on the left and right, respectively, and
does not change due to the recombination event on the ARG. (b) The left genealogy
of the ARG. (c) The right genealogy of the ARG.

graph. Fig. 4 shows a run of the CPN of a coalescent system. Here an ARG
(from Fig. 1) is shown together with the states of the CPN that can produce
this system, the SCC run of the system and the left and right genealogies of this
run.
Paths in the SCC graph corresponds to pairs of genealogies and will be the
state transitions in the hidden Markov model we construct. To exploit the eﬃcient algorithms for HMMs we need to project the inﬁnite state space of SCC
paths onto a ﬁnite state space. We do this by discretizing time into a ﬁnite, ﬁxed
set of non-overlapping time intervals, [τ0 , τ1 ], [τ1 , τ2 ], up to [τn−1 , τn ] with τ0 = 0
and τn = ∞. We obtain ﬁnite state spaces by only considering which state the
system is in at the time points between these intervals (τ1 , τ2 , . . . , τn−1 ).
We combine the discretized time with the valid SCC runs as follows. For any
path through the SCC graph, c1 , c2 , . . . , cn , we assign time points to components
τ1 ↔ ci1 , τ2 ↔ ci2 , . . . τn−1 ↔ cin−1 where ij ≤ ik for j ≤ k. So, as an example,
with three time intervals [τ0 = 0, τ1 ], [τ1 , τ2 ] and [τ2 , τ3 = ∞] and an SCC path
with two components, c1 , c2 , we would get the following three timed paths:
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Interval

τ1

Interval

τ2

Interval

[τ0 , τ1 ]
[τ0 , τ1 ]
[τ0 , τ1 ]

c1
c1
c2

[τ1 , τ2 ]
[τ1 , τ2 ]
[τ1 , τ2 ]

c1
c2
c2

[τ2 , τ3 ]
[τ2 , τ3 ]
[τ2 , τ3 ]

Notice that not all components need to be assigned a time point, and some can
be assigned to several. This reﬂects that the system can move through several
components within a single time interval and also stay in one component over
several time intervals.
CTMC theory provides us with the mechanism for integrating over all paths
leading from one state to another. If Q denotes the instantaneous rate matrix
of the CTMC, then the probability of being in state s at time τi and state t
τ
−τ
at time τi+1 is given by Pi,ji+1 i where P τi+1 −τi = exp (Q [τi+1 − τi ]) (where
exp (M ) denotes matrix exponentiation [23]). The probability of being in SCC
ci at time τi and SCC cj at time τi+1 is then computed by summing over all
transitions from a state s ∈ ci to a state t ∈ cj in the time interval [τi , τi+1 ]:


τi+1 −τi
. The probability of an entire SCC path assigned to time
s∈ci
t∈cj Ps,t
intervals is obtained by summing across all time intervals in this way (see Fig. 5),
e.g. for the example above:
Pr ([τ0 , τ1 ] c1 [τ1 , τ2 ] c1 [τ2 , τ3 ]) =



τ2 −τ1
τ1
Pι,s
· Ps,t

s∈c1 t∈c1

Pr ([τ0 , τ1 ] c1 [τ1 , τ2 ] c2 [τ2 , τ3 ]) =



τ2 −τ1
τ1
Pι,s
· Ps,t

s∈c1 t∈c2

and
Pr ([τ0 , τ1 ] c2 [τ1 , τ2 ] c2 [τ2 , τ3 ]) =



τ2 −τ1
τ1
Pι,s
· Ps,t

s∈c2 t∈c2

(notice changes in subscripts) where we assume that the system always starts in
a ﬁxed state ι.
For the general case [τ0 , τ1 ] ci1 [τ1 , τ2 ] ci2 . . . [τn−2 , τn−1 ] cin−1 [τn−1 , τn ] this
becomes

 
τ1
τn−1 −τn−2
1
···
Pι,s
· Psτi21−τ
,si2 · · · Psn−2 ,sn−1
1
s1 ∈ci1 s2 ∈ci2

sn−1 ∈cin−1

which is a sum of |ci1 | × |ci2 | × · · · × |cin−1 | terms, where each term is a product
of n − 1 transition probabilities. To eﬃciently compute this for all paths, we
rewrite this to
⎛
⎛ ⎛
⎞⎞ ⎞



τ1 ⎝
1 ⎝
Pι,s
Psτ2 −τ
Psτn−1,s−τn−2 ⎠⎠ . . .⎠
···⎝
,s
s1 ∈ci1

1

s2 ∈ci2

i1

i2

sn−1 ∈cin−1

n−2

n−1

which we can compute inside-out for all paths using dynamic programming.
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c3

c1
c2

τ
P 1

ι

τ0

τ τ
P 3- 2

τ τ
P 2- 3

τ1

τ2

τ3

Fig. 5. Computing path probabilities. When computing the probability of the timed
path [τ0 , τ1 ] c1 [τ1 , τ2 ] c2 [τ2 , τ3 ] c3 [τ3 , τ4 ] we implicitly sum over all paths between the
time interval breakpoints using CTMC transition probability matrices P τi+1 −τi and
explicitly sum over states in the strongly connected components at the breakpoints ci .

3.2

Dealing with Diﬀerent Demographic Epochs

When modeling the history of a set of genomes from diﬀerent species, we need
to consider diﬀerent time period of their history. Consider for example a model
of the ancestry of three diﬀerent species, e.g. humans, chimpanzees and gorillas.
At present, these are three diﬀerent species that cannot exchange genes, but as
we go back in time we ﬁrst enter a period where humans and chimpanzees share
an ancestral species, where they can exchange genes, and further back in time
all three species share an ancestor where they exchange genes.
To deal with this we use what we called diﬀerent “epochs”. Each epoch corresponds to separate model in terms of transitions and transition rates, but all
epochs for the same analysis can be embedded in the same (often large) state
space, enabling us to map states between them. For the human, chimpanzee and
gorilla example, we would have three populations/species and one sample from
each. So the type used for lineages would have three colors (e.g. H, C and G for
human, chimpanzee and gorilla) and the type used for populations also three
colors. The space of all possible states would be all states that the CPN could
be in. The diﬀerent epochs would consist of restrictions to this state space, and
typically we would never enumerate the full state space but only the sub-state
spaces reachable in the diﬀerent epochs.
A simple human, chimpanzee and gorilla model could have three epochs, one
where all three species are isolated, one where humans and chimpanzees have
found a common ancestor and one where all three African apes have found a
common ancestor. This model will not allow migrations in any epochs. The ﬁrst
epoch will have each species in its own population, the second epoch would have
humans and chimpanzees in the same population, and the third epoch would
have all three species in the same population.
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We construct the model by ﬁrst constructing the state space of the ﬁrst epoch,
where the populations are H, C and G. We then take all reachable states in this
system and maps H and C tokens to the same population, e.g. H, so tokens are
mapped (p, (l, r)) → (H, (l, r)) whenever p is H or C. For the second epoch, we
compute the state space of all states reachable from these mapped states (but
not states from the ﬁrst epoch where tokens can be in population C). For the
third epoch we repeat this, but now mapping G populations to H as well.
When computing the probability of paths in the system, we add this projection
of states as well. If the time point τi is between two diﬀerent epochs, we use a
matrix P τi −τi−1 · Ii instead of P τi −τi−1 where Ii is a projection matrix mapping
states from the epoch before τi to the epoch after τi . For the transition between
the ﬁrst and second epoch in the human, chimpanzee and gorilla example, this
projection matrix would have a 1 in all entries where the states are equal exact
for all C populations being set to H and 0 in all other entries, and for the
projection from the second to the third epoch, the projection matrix would have
a 1 in entries where the states are equal except that now G populations are set
to H as well. The projection onto left and right genealogies, and the sums used
for computing the probabilities of strongly connected components paths is not
changed otherwise.

4

Results

The algorithm was implemented in the Python programming language and below
we show results for state space construction, model ﬁt and parameter estimation.
4.1

State Space Statistics

We constructed the state space and HMM transition matrix for a number of
diﬀerent conﬁgurations, varying the number of populations from one to three
and varying the number of chromosomes from one to four. With one population
there is a single time epoch, with two populations there are two epochs, one
before and after the populations merge, and with three populations there are
three time epochs: the ﬁrst before any populations merge, the second after the
ﬁrst and second population merge, and the last when all three populations have
merged.
Table 1 shows the size of the state spaces in the various conﬁgurations and
epochs and the time it takes to construct the HMM transition matrix. The
HMM construction time is split in three components: 1) the time it takes to
construct the CTMC (i.e. build the state space of the CPN and translate it
into a rate matrix), 2) pre-processing time for the HMM construct, involving
building the SCC graph and assign all possible SCC paths to time intervals,
and 3) the time it takes to construct the actual transition matrix, involving
exponentiating rate matrices and summing over SCC paths. Of these three, the
ﬁrst two needs only be computed once for a given model, while the third needs
to be recomputed whenever the parameters of the HMM changes, and must
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Table 1. Summaries of the state space sizes, SCCs and construction time for both the
state space and the hidden Markov model transition matrix. Conﬁgurations n = i, j, k
should be read as population one containing i chromosomes, population two containing
j chromosomes and population three containing k chromosomes. Construction time
is measured in seconds and – indicates that the computation was terminated before
ﬁnishing.
1st epoch
Conﬁguration
1 population
n=1
n=2
n=3
n=4
2 populations
n = 1,1
n = 2,1
n = 3,1
n = 2,2
3 populations
n = 1,1,1
n = 2,1,1

2nd epoch
States

3rd epoch

States

SCCs

SCCs

2
15
203
4 140

1
4
25
225

4
30
406
225

1
4
25
16

15
203
203
4 140

4
25
25
225

8
60

1
4

30
306

4
25

States

203
4 140

SCCs

25
225

Construction time
CTMC

Pre.

Trans.

0.00
0.00
0.03
1.35

0.00
0.01
3.44
–

0.01
0.09
18.02
–

0.00 0.02
0.03 14.60
1.71
–
1.49
–

0.08
24.90
–
–

0.11 19.75
1.67
–

21.87
–

potentially be computed hundreds of times in a numerical optimization of the
HMM likelihood.
The most time consuming part of constructing the HMM is clearly not constructing the state space of the model but rather the alignment of the SCC
graph onto time intervals for constructing the HMM states and the exponentiation of rate matrices for computing transition probabilities. The conﬁgurations
in Table 1 where the construction time is missing were terminated after hours
of run-time indicating a very steep exponential growth in running time as the
size of the system grows.
4.2

Parameter Estimation

As an evaluation of the model, we consider the so-called isolation-with-migration
model of speciation, see Fig. 6. In this model, the speciation is initiated by
a split in an ancestral species into two groups who evolve independently but
exchange genes through limited migration, until at some later point this geneﬂow ends and the species evolve completely independent. For most apes, this is
believed to be the process in which they separated; the two gorilla species alive
today are believed to have split about a million years ago but exchanged genes
until recently [29, 31], the two orangutan sub-species has a similar story [17],
and even humans have exchanged genes with archaic forms of humans, such as
Neanderthals [10] and the recently discovered Denisovan humans [27, 28].
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τ2

m
τ1

Fig. 6. Isolation-with-migration model. A model of the speciation process, where an
ancestral species is initially split into two populations that exchange genes through
migration between the groups for a period of time, after which gene ﬂow stops and the
species evolve independently.

Relevant parameters in this model include the initial split time, the time when
gene-ﬂow ended, the migration rate between the ancestral populations and the
coalescence rate in the ancestral species (which measures the genetic variation
in the ancestral species). To test our model in this scenario, we simulated data
using the coalescence simulator CoaSim [19] and then estimated the parameters
with our CoalHMM. Results are shown in Fig. 7.
Although there naturally is some variation in the estimated parameters, we
ﬁnd that the model accurately estimates the parameters of the simulated data.

5

Discussion

We have presented a method for building inference models for complex demographic histories of speciation and genome ancestry. The method 1) employs a
colored Petri net to specify the demographic scenario, constructs the state space
for the scenario, 2) uses this as a continuous time Markov chain to compute
probabilities of genealogies, 3) uses the strongly connected component graph of
the state space to compute transition probabilities between local genealogies,
and ﬁnally 4) uses these transition probabilities to construct a coalescent hidden
Markov model for inferring parameters of the scenario.
The approach we have presented fully automates the translation of a demographic scenario to an inference method, making CoalHMMs accessible to biologists with limited computational skills, but the complexity of scenarios that can
be explored is still limited by the state space explosion in the model and the computational time needed for enumerating all SCC paths and for exponentiating
large rate matrices.
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0.00030
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0.00202

0.00204

160

●

Fig. 7. Parameter estimates on simulated data. In a model with an initial population
split followed by a period of migration after which gene-ﬂow stops, we simulated data
and estimated parameters. The box plot shows the distribution of estimates in ten
simulations. The dashed lines show the simulated parameter.

Diﬀerent points of attack are possible. The state space explosion can be alleviated using reduction methods. Samples within the same population are by
nature symmetric, so symmetry reduction [4, 14] is an obvious approach. The
symmetry method allows us to consider two states as equal if it is possible to
ﬁnd a permutation of the samples mapping one to the other. In our example, we
can allow all permutations of samples. To evaluate the viability of this approach,
we built a prototype implementation of this using CPN Tools [26]. Due to the
limitation of our prototype, we have implemented this method using a simple
hand-crafted mapping mapping each state to a canonical member of its symmetry group. This means that we not necessarily generate the minimal state space
but that we have an eﬃcient means of computing symmetric mappings. In the
future we want to either improve this or instead use the lower-level formalism
of symmetric nets [2], for which symmetries can be computed automatically. In
Table 2, we have shown the reduced sizes of the state space for the diﬀerent
cases. We see that the ratio of the size of the reduced state space to the full
state space gets much smaller as the number of species grow.
The sweep-line method [3] makes is possible to delete states from memory
when they are no longer needed. In our example, we notice that as soon as two
species have coalesced, it is impossible for them to split again. Thus, a state can
never have arcs to states where fewer species have coalesced. We can deﬁne a
progress measure which counting the number of coalesced species and process
states in a least progress-ﬁrst-order. This allows us to delete any states from
memory with a lower progress value than any state we have yet to process. We
can generate a highly eﬃcient progress measure by creating the state space for
the model with only coalescence, computing the strongly connected components
of this graph, traverse this graph using a breadth-ﬁrst traversal and use the
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Table 2. Summaries of the state space sizes, SCCs and construction time for the full
state space and reduced state spaces. The basic model are scenarios with all samples in
the same population, while models with gene-flow assume one population per sample.
Full
Size

States

Symmetry
SCCs

States

Basic model
n=1
2
1
2
n=2
15
4
12
n=3
203
25
77
n=4
4 140
225
607
n = 5 115 975 2 704
5 455
n=6
–
– 54 054
n=7
–
– 586 534
Model with gene-flow
n=2
94
4
79
n=3
12 351
25
6 065
n = 4 3 188 340
– 731 840

Sweep-line

Construction time

SCCs

States

Full

1
4
11
39
215
1 604
–

2
12
46
363
2 659
25 518
266 550

0.00
0.00
0.02
0.92
47.05
–
–

0.00
0.00
0.02
0.30
4.45
65.10
2 043.62

76
0.01
5 017
4.81
451 559 26 525.88

0.02
4.99
5 720.11

4
10
–

Symmetry

breadth-ﬁrst rank of each state as progress value for the full state space. In
Table 2 we show the maximum number of states in memory during processing
(when combined with symmetry reduction). The time to construct the state
space and the number of SCCs is the same as for constructing the symmetry
reduced graph.
We notice that if we sort the states of the (full) state space such that states
belonging to the same strongly connected component are kept together, we get
a rate which has block corresponding to each of the strongly connected components. If we know the layout of the blocks we can thus compute the rate matrix
from the individual blocks. Each block on the diagonal of the rate matrix corresponds to all transitions internal to a SCC and all other blocks correspond to
transitions from one SCC to another. A property of the sweep-line method is that
it keeps entire SCCs in memory at the same time (assuming that the progress
measure is monotone, which it is here). Thus, we can easily compute all blocks
on the diagonal of the rate matrix. Furthermore, we can store, for each SCC,
all transitions leading out of the SCC and subsequently sort them according to
the target SCC. This allows us to also compute all other blocks. If we sort the
states according to the progress measure, we get a rate matrix which is almost
upper-triangular. The reason is that it is only possible to go from a state with
lesser progress to a state with higher progress. The only parts below the diagonal
are the blocks corresponding to transitions internal to a SCC. Furthermore, we
know that the rate matrix will be very sparse even above the diagonal, as we
only have a non-zero block if there is an arc from one SCC to another.
Unfortunately, the rates of transitions are not necessarily the same even for
symmetrical transitions, and it is not obvious to us how to construct the HMM
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transition matrix from the symmetry reduced CPN state space; future work
includes combining lumping techniques for Markov chains [2, 6] with the construction of the rate matrix outlines using the sweep-line method to our case.
Rather than exponentiating the rate matrix, it is also possible to get good
approximations of the probabilities through Monte Carlo simulation where we
can simulate thousands or millions of runs of the continuous time Markov chain
and obtain the probabilities this way. Future work will concentrate on ways of
extending the complexity of scenarios by alleviating the state space explosion
problem.

6

Conclusions

Coalescent hidden Markov models (CoalHMMs) [8, 12] are a recent invention
that has become popular for genome analysis as they are currently the only approach that is computationally eﬃcient enough for analyzing full genome data.
Diﬀerent variants of CoalHMMs have been successfully used in recent great ape
genome projects, including an analysis of human population size changes [16],
an analysis of the orangutan sub-species [17,18], and estimating speciation times
between humans, chimpanzees, bonobos, gorillas and orangutans [13,25,29]. The
demographic scenarios explored, however, have been very simple ones because
the CoalHMMs have so far been constructed manually. Typically, this involves
deriving equations for transition probabilities by approximating the coalescence
process, which at best is tedious and in cases can introduce biases in the estimation because of the simplifying assumptions necessary to do this. Computing
the transition probabilities using a continuous time Markov chain alleviates this
somewhat, but manually constructing the Markov chain is still only possible for
simple scenarios.
While the colored Petri net model we present here is very simple, we stress
that it is capable of modeling most demographic scenarios. Combined with an
algorithm for translating a formal model of demographics like this into the ﬁnal
CoalHMM, complex scenarios can be explored in genome analysis. As the cost
of sequencing genomes is steadily decreasing, the bottleneck in future genome
projects will be in the mathematical modeling and in constructing analysis methods that both captures the complexity of the genomes and are computationally
eﬃcient. We believe that CoalHMMs combined with formal methods such as
Petri nets can be a powerful approach in this.
Acknowledgements. The authors wish to thank Lars M. Kristensen for fruitful discussions about the use state-space reduction techniques.
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A

Hidden Markov Models

Hidden Markov models (HMMs) is a framework for modeling sequential data
such as DNA sequences. HMMs provide a computational eﬃcient way of analyzing sequential data, that would otherwise be intractable to analyze.
Given a sequence of observation Z1 , Z2 , . . . , Zn , the Markov assumption states
the the probability of the entire sequence Pr (Z1 , Z2 , . . . , Zn ) can be stated as a
sequence of conditional probabilities
n−1

Pr (Z1 , Z2 , . . . , Zn ) = Pr (Z1 )

Pr (Zi+1 | Zi )
i=1

which is typically much more eﬃcient to calculate.
In many applications, however, a sequence of observations cannot be justiﬁed
modeled in this way. The genetic diﬀerences between a sample of genes, for
instance, is conditional on the local genealogies, but whereas we can model the
local genealogies as a Markov process the observed genetic diﬀerences do not
directly lead to a Markov process.
Hidden Markov models instead assumes that we have a sequence of unseen parameters that do follow a Markov process, but that the observations
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we see depend on those parameters but are not themselves a Markov process. An HMM models a sequence of observations, X1 , X2 , . . . , Xn , by assuming there is an underlying but unobserved sequence of states the process goes
through, Z1 , Z2 , . . . , Zn , that determines the probability of the observations.
Each observation depends on one hidden state, Pr(Xi | X1 , . . . , Xn , Z1 , . . . , Zn ) =
Pr(Xi | Zi ), as the genetic diﬀerences between a set of genes would depend on the
local genealogies at each position but not neighboring genealogies. Were both
the hidden states and the observations known, the joint probability would be
n−1

Pr (X, Z) = Pr (Z1 ) Pr (X1 | Z1 )

Pr (Zi+1 | Zi ) Pr (Xi+1 | Zi+1 )

.

i=1

The Markov process states, Zi , however are not observed in a hidden Markov
model, only the sequence X1 , . . . , Xn . Eﬃcient dynamic programming algorithms
exist, however to sum over all hidden state paths and thus computing Pr(X) and
from this making maximum likelihood parameter estimations.
An HMM is completely parameterized by specifying the initial state probabilities π = (Pr(Z1 ), . . . , Pr(Zm )) for possible hidden states Z1 , . . . , Zm , the
transition probability matrix Ti,j = Pr(Zi | Zj ) and the emission probability
matrix El,m = Pr(Xm | Zl ).

