Crash course in probability theory and
statistics — part 1

Machine Learning, Tue Apr 10, 2007



Motivation

Problem: To avoid relying on “magic” we need
mathematics. For machine learning we need to
quantify:

*Uncertainty in data measures and conclusions
*“Goodness” of model (when confronted with data)
*Expected error and expected success rates
«...and many similar quantities...
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Probability theory: Mathematical modeling when
uncertainty or randomness is present.
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Probability theory: Mathematical modeling when
uncertainty or randomness is present.

Statistics: The mathematics of collection of data,
description of data, and inference from data



Introduction to probability theory

Notice: This will be an informal introduction to
probability theory (measure theory out of scope for
this course). No sigma-algebras, Borel-sets, etc.

For the purpose of this class, our intuition will be right
... In more complex settings it can be very wrong.

We leave the complex setups to the mathematicians
and stick to “nice” models.
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Introduction to probability theory

Notice: This will be an informal introduction to
probability theory (measure theory out of scope for
this course). No sigma-algebras, Borel-sets, etc.

For This introduction will be based on stochastic
. in (random) variables.

We We ignore the underlying probability space (€2,.4,p) .

aNd ¢ is the sum of two dice: X(w) = Di(w) + Do(w)

We ignore the dice and only
consider the variables — X,

Dy, and D, —and the values
they take.




Discrete random variables

A discrete random variable, X , is a variable that can take
values in a discrete (countable) set {z; }.

The probability of X taking the value z; is denoted p(X=u,)
and satisfies p(X=z;) > 0 for all i, >_;p(X=z;)=1, and for any
subset {z;} C {z; }: p(Xe{z}) =2 p(z) .
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Discrete random variables

A discrete random variable, X , is a variable that can take
values in a discrete (countable) set {z; }.

The probability of X taking the value z; is denoted p(X=ux)
and satisfies p(X=x;) > 0 for all 3, >_;p(X=x;) =1, and for any
subset {z;} C {z }: p(Xe{z}) =2 p(z) .
Intuition/interpretation: If we repeat an experiment (sampling
a value for X) ntimes, and denote by n; the number of times
we observe X=u;, then n;n —p(X=x;) as n—oo.
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Discrete random variables

A discrete random variable, X , is a variable that can take
values in a discrete (countable) set {z; }.

The probabili This is the intuition not a definition!
and satisfies ; (Definitions based on this ends up going in circles).

Subset {2 }C ‘The definitions are pure abstract math. Any real-

Intuition/intei | world usefulness | IS pure Iuck

A4

a value for X') ntimes, and denote by n; the number of tlmes
we observe X=u;, then n;n —p(X=x;) as n—oo.
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Discrete random variables

A discrete random variable, X , is a variable that can take
values in a discrete (countable) set {z; }.

The probabili This is the intuition not a definition!

and satisfies ; (Definitions based on this ends up going in circles).
subset {: We often simplify the notation and use both p(X) ,aq]-
Intuition and p(z) for p(X=z), depending on context. :

a value f , ] s
we observe X=u;, then n;n —p(X=x;) as n—oo.
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Joint probability

If a random variable, 7, is a vector, Z=(X,Y), we can
consider its components separetly.

The probability p(Z=z) where z = (x,y) is the joint probability
of X=zxand Y=y written p(X=z, Y=y) or p(z,y) .

When clear from context, we write just p(X,Y) or p(zx,y) and
the notation is symmetric: p(X,Y)=p(Y,X) and p(z,y)=p(y,z) .

The probability of Xe{z} and Ye{y} becomes >_.>ip(z;,y)) .
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Marginal probability
The probability of X=uz; regardless of the value of Y then

becomes >_;p(z;,y;) and is denoted the marginal probability
of X and is written just p(z;).

The sum rule:

p(X)=) p(X,Y) (1.10)

Sect. 1.2



Conditional probability

The conditional probability of X given Y is written P(X|Y)
and is the quantity satisfying p(X,Y)=p(X|Y)p(Y).

The product rule:

p(X,Y) = p(X]Y)P(Y) (1.11)

When p(Y)=0 we get p(X|Y)=p(X,Y)/p(Y) with a simple

interpretation.
p(X) -pm
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Conditional probability

The conditional probability of X given Y is written P(X|Y)

and is the quantity satisfying »( X, Y)=n(X| Y)n(Y).
Intuition: Before we observe anything, the probability of X'is

p(X) but after we observe Y it becomes p(X]Y).

p(X,Y) = p(X]Y)P(Y) (1.11)

When p(Y)=0 we get p(X|Y)=p(X,Y)/p(Y) with a simple

interpretation.
p(X) -pm
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Independence

When p(X,Y)=p(X)p(Y) we say that XandY are
independent.

In this case:
px[y) = PEET) _ pOOB) _

Intuition/justification: Observing Y does not change the
probability of X.

Sect. 1.2



B — colour of bucket
F'—kind of fruit

0

b)_ﬁ
3
F = B =0b) = -
p( al ) 1
1
p(F = p(on\B:b):Z
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Example

@e®
OO0l |0
Q00O ©OO

B — colour of bucket
F'—kind of fruit

) 4 6
= Tr) = — — — —
b 10 F 10
2 3
p(F:a\B:fr):§ p(F:a\B:b):Z
p(F=a,B=r)=p(F=a|B=r)p(B=r)= 2/8><4/1() 1/10 by = 1
L\ | / 4

p(F=a,B=b)=p(F=a|B=b)p(B=0b)= 2/8><6/1O 9/20
Sect. 1.2



Example

@e®
OO0l |0
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B — colour of bucket
F'—kind of fruit

p(B =r) E p(B 10
p(F=a)=p(F=a,B=r)+ p(F=a,B=b0)=1/10+9/10=11/20 3
L\ | / 8 L\ | / 4
1

p(F:a,B:r):p({*’:a|B:r)p(B—) 2/8><4/1() 1/1() —p) =

D

p(F=a,B=b)=p(F=a|B=b)p(B=0b)= 2/8><6/1O 9/20
Sect. 1.2



Bayes' theorem

Since p(X,Y)=p(Y,X) (symmetry) and p(X,Y)=p(Y¥|X)p(X)
(product rule) it follows p( Y| X)p(X)=p(X]|Y)p(Y) or, when
p(X)=0 :

Bayes' theorem:
p(Y]X) = p(X;z;)(Z;(Y)

(1.12)

Sometimes written: p( Y| X) «< p(X]Y)p(Y) where
p(X)=>y p(X]Y)p(Y) is an implicit normalising factor.
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Bayes' theorem

Since p(X,Y)=p(Y,X) (symmetry) and p(X,Y)=p(Y¥|X)p(X)
(product rule) it follows p( Y| X)p(X)=p(X]|Y)p(Y) or, when
p(X)=0 :

Bayes' theorem: X Y \n(Y
. n(Y|X) = P(X] ‘)}\D( ) (1.12)
Posterior of Y p( Prior of Y

A
Sometimes written: p( Y| X) «< p(X|Y)p(Y) W{re
p(X)=2yp(X|Y)p(Y) is an implic?t normalising factor.

Likelihood of Y
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Bayes' theorem

Since p(X,Y)=p(Y,X) (symmetry) and p(X,Y)=p(¥]X)p(X)

(nrndi it riila) it fallawe f VI YAl YN — ol YI VIl V) Aar wihan
Interpretation:

Prior to an experiment, the probability of Y is p(Y)
After observing X, the probability is p( Y| X)
12)
Bayes' theorem tells us how to move from prior to posterior.
DOITIEUITIES WIILLEI: P Y|A) o< p(A|Y)p( Y ) wIere

p(X)=>"y p(X|Y)p(Y) is an implicit normalising factor.
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Bayes' theorem

Since p(X,Y)=p(Y,X) (symmetry) and p(X,Y)=p(¥]X)p(X)

(nrndi it riila) it fallawe f VI YAl YN — ol YI VIl V) Aar wihan
Interpretation:

Prior to an experiment, the probability of Y is p(Y)

After o This Is possibly the most important equation
in the entire class! 12)

B '
ayeS I INVNWE I TD WLWIHIIW VW 1INV YY LW 11 INWV Y\ 11 \WwIilh1 r.ll INV1 W\ VVULVI INJI =

DOUITIEUITIES WIILLEI: P\ Y| A) o< DIA|Y )Pl Y ) WNEre

p(X)=>"y p(X|Y)p(Y) is an implicit normalising factor.
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Example

@e®
OO0l |0
Q00O ©OO

B — colour of bucket
F'—kind of fruit

If we draw an oragne, what is the probability we drew it from
the blue basket?

p(F = o|B = b)p(B = b)

p(B =b|F" = o) = o(F = o)
C1/4%x6/10 1
~9/20 3
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Continuous random variables

A continuous random variable, X , is a variable that can

take values in R¢,

The probability density of X is an integrabel function p(X)
satisfying p(x) >0 for all zand [ p(z)dz=1.

The probability of X € S CRiis given by p(9)= /s p(z)dx.

Sect. 1.2.1



Expectation

The expectation or mean of a function f of random variable
X is a weighted average

Blf] = Y p@)f (@) Elf)= [ pa)f(@)da
For both discrete and continuous random variables:

1 N
~ 2 (@) — E[f (1.35)
n=1

as N—oo when z, ~ p(X).

Sect. 1.2.2



Expectation

Intuition: If you repeatedly play a game with gain f(x), your

expected overall gain after n games will be nE|f.

The accuracy of this prediction increases with n.

It might not even be possible to “gain” E|/] in a single game.
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Expectation

Intuition: If you repeatedly play a game with gain f(x), your
expected overall gain after n games will be nE|f.

The accuracy of this prediction increases with n.

It might not even be possible to “gain” E|/] in a single game.

Example: Game of dice with a fair dice, D value of dice,
“gain” function f(d)=

S
fl=2 =35

Sect. 1.2.2



Variance

The variance of f(z) is defined as E [( f(z) —E| f(x)])Q]
and can be seen as a measure of variability around the mean.

The covariance of X and Yis defined as
coviz,y| = E|(z — E[z]) (y — Ely])]

and measures the variability of the two variables together.

Sect. 1.2.2



Variance

The variance of f(z) is defined as E [( f(z) —E| f(x)])Q]
and can be seen as a measure of variability around the mean.

The covariance of X and Y'is defined as

coviz,y| = E|(z — E[z]) (v — Ely])]

and measures the variability of the two variables together.

W
W
W

nen cov|z,y| >0, when z is above mean, ytends to be.
nen cov |z,y| <0, when z is above mean, ytends to be below.

hen cov |z,y|=0, = andy are uncorrelated (not necessarily

independent; independece implies uncorrelated, though).
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Covariance

272‘

@

COV [z1,2] >0

>

L1

Ccov [$1 ,ZCQ] =0

>

L

nen cov|z,y| >0, when z is above mean, ytends to be.

nen cov |z,y|<0, when z is above mean, y tends to be below.

nen cov |z,y|=0, = andy are uncorrelated (not necessarily
independent; independece implies uncorrelated, though).
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Parameterized distributions

Many distributions are 5,
governed by a few
parameters.

E.g. coin tossing
(Bernoully distribution)
governed by the
probability of “heads”.

Binomial distribution:
number of “heads” £ out p(hea d ‘ 9) iy

of n coin tosses: p(taﬂ | 9) —1—46
p(k | n,0) o< 0¥ (1 — 6)"F



Parameterized distributions

Manv dictrinhiitinne are
‘We can think of a parameterized distribution as a

D conditional distribution.

g The function z— p(z | 0) is the probability of

(E observation z given parameter 6.

g1

P The function 6— p(z | 6) is the likelihood of

B parameter 0 given observation x. Sometimes written

" hd(6 | 2)=p(z | 6).
5

p(k | n,0) o< 88(1 — )"



Parameterized distributions

Manv dictrinhiitinne are
‘We can think of a parameterized distribution as a

D conditional distribution.

g The function z— p(z | 0) is the probability of

(E observation z given parameter 6.

91

P The function 6— p(z | 6) is the likelihood of

B parameter 0 given observation x. Sometimes written

" hd(6 | 2)=p(z | 6).
5

r The I|keI|hood in general IS not a probablllty
distribution.



Parameter estimation

Generally, parameters are not know but most be estimated from
observed data.

Maximum Likelihood (ML): ) = maxarg p(z | 0)
0
Maximum A Posteriori (MAP): § = maxarg p(0 | z)
(A Bayesian approach assuming — navar ¢ p(z | O)p(0)
a distribution over parameters). 0

Fully Bayesian: . y
Py P T
(Estimates a distribution rather ( )p(0 | )

Py | z) = /
than a parameter). X / p(y | O)p(x | 0)p(F)do




Parameter estimation

Example: We toss a coin and get a “head”. Our model is a

binomial distribution; zis one “head” and 6 the probability of a
“head”.

likelihood function

Likelihood: 1hd(6 | ) = p(z | ) < 61 (1 — 6)° |

0 0.5

Prior: p(6) o< 8%(1 — §)”

0 0.5

Posterior: p(@ ‘ x) X QO‘_H(]_ — 9)8 2 o

0 0.5
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binomial distribution; zis one “head” and 6 the probability of a
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2

Likelihood: 1hd(6 | ) = p(z | ) < 61 (1 — 6)° |

likelihood function

1

ML estimate =+ ~
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Parameter estimation

Example: We toss a coin and get a “head”. Our model is a

binomial distribution; zis one “head” and 6 the probability of a
“head”.

likelihood function

Likelihood: 1hd(6 | ) = p(z | ) < 61 (1 — 6)° |

0 0.5

Prior: p(6) o< 8%(1 — §)”

0 0.5

Posterior: p(@ ‘ ;U) X 90‘+1(1 — QMAP estimate  [weeo

0 0.5



Parameter estimation

Example: We toss a coin and get a “head”. Our model is a

binomial distribution; zis one “head” and 6 the probability of a
“head”.

Fully Bayesian approach:
1
Py | z) = / p(y | z)p(0 | x)do
0
x /1 9a+1+1y=h(1 _ 9);6+1_1y=h do
0

=Bla+14+1,—p,B8+1—1,-3)

Posterior: p(@ ‘ x) X QO‘_H(]_ — 9)8 2 o




Predictions

Assume now known joint distribution p(x,t | 0) of explanatory
variable x and target variable t. When observing new x we can use
p(t | x,0) to make predictions about .

A
t

o 95



Decision theory
Based on p(z,t |0) we often need to make decisions.

This often means taking one of a small set of actions A;,As,...., A;
based on observed z.

Assume that the target variable is in this set, then we make
decisions based on p(t | x, 0 )=p(Ai| z, 0).

Put in a different way: we use p(z,t | 6) to classify xinto one of &
classes, C;.
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Decision theory

We can approach this by splitting the input into regions, R;, and
make decisions based on these:

In R, go for C; ;in R2 go for (.. / p(z.Cs) d
Ra iy T
Choose regions to minimize p(®Cy) '
classification errors:
p(mistake) = p(x € R1,C2) + p(x € R2,C1)
— [ paCdot [ placda
L R2 R ™ s

Sect. 1.5



Decision theory

We can approach this by splitting the input into regions, R;, and
make decisions based on these:

In R, go for C; ;in R2 go for (.. / p(z.Cs) d
Ra iy T
Choose regions to minimize p(®Cy) '
classification errors:
p(mistake) = p(x € R1,C2) + p(x € R2,C1)
— [ paCdot [ placda
L R2 R ™ s

Red and green mis-classifies C; as C;

Blue mis-classifies C; as (s

At 1, red is gone and p(mistake) is minimized
Sect. 1.5



Decision theory

We can approach this by splitting the input into regions, R, and
make decisions based on these:

In R1 go for C; ;in Re go for Cs.

Choose regions to minimize
classification errors:

p( @ is where p(z,C1)=p(z,C,) or similarly

p(C1 | z)p(2) =p(Cz2 | z)p(z) SO we get the .
intuitive pleasing: R 2

Ri={z|plC|x)>plCs|x)}
Ro =A{z | p(C2 [ z) > p(Ci | x)}

Sect. 1.5



Model selection

Where do we get p(t,z | 8) from in the first place?
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There is no right model — a fair coin or fair dice is as unrealistic as
a spherical cow!
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Model selection

Where do we get p(t,z | 8) from in the first place?

There is no right model — a fair coin or fair dice is as unrealistic as
a spherical cow!

Sometimes there are obvious candidates to try — either for the joint
or conditional probabilities p(x,t | 8) or p(t | z,0).

Sometimes we can try a "generic" model — linear models, neural
networks, ...
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Model selection

Where do we get p(t,z | 8) from in the first place?

There is no right model — a fair coin or fair dice is as unrealistic as
a spherical cow!

But some models are more useful than others.
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Model selection

Where do we get p(t,z | 8) from in the first place?

There is no right model — a fair coin or fair dice is as unrealistic as
a spherical cow!

But some models are more useful than others.

If we have several models, how do we measure the usefulness of
each?
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Model selection

Where do we get p(t,z | ) from in the first place?

There is no right model — a fair coin or fair dice is as unrealistic as
a spherical cow!

But some models are more useful than others.
If we have several models, how do we measure the usefulness of
each?

A good measure is prediction accuracy on new data.

Sect. 1.3



Model selection

If we compare two models, we can take a maximum likelihood

approach:
M = argmaxp(t,z | M)
M

or a Bayesian approach:

M = argmaxp(t,x | M)p(M)
M

just as for parameters.

Sect. 1.3



Model selection

If we compare two models, we can take a maximum likelihood

approach:
But there is an over fitting problem:

Complex models often fit training
¢ data better without generalizing

better! 2 05

j |

—©— Training
—O— Test
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Model selection

If we compare two models, we can take a maximum likelihood

approach:
But there is an over fitting problem:
1 ' T
Complex models often fit training et

¢ data better without generalizing

better! E Bedl \_\Q
1ze

In Bayesian approach, use p(M) to pena
j complex models

In ML approach, use some Information Criteria
and maximize In p(t,z | M)— penalty( M ).

eooq

M

6
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Model selection

If we compare two models, we can take a maximum likelihood
approach:
But there is an over fitting problem:

—©— Training
—O— Test

NAarmnalav maAaAdAAlA AfFAN Fit FrAaTtniAA

Or more empirical approach: Use

some method of splitting data into :
training data and test data and pick  ~
model that performs best on test data.

(and retrain that model with the full
dataset).

Sect. 1.3



Summary

* Probabilities
 Stochastic variables

» Marginal and conditional
probabilities

* Bayes' theorem

* Expectation, variance and
covariance

e Estimation

* Decision theory and
model selection



