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Quartets and quartet distance

Quartet: Four named species in an “,> I é
unrooted tree I a

b
Quartet topology: The topology of “.> [
the quartet induced by the tree I d

b d & d d & b d

butterfly quartet butterfly quartet butterfly quartet star quartet

Quartet distance: The number of quartets that differs in
topology between the two trees
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Quartets and quartet distance
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Quartet distance = binom(54)-3=5-3=2
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QDist

QDist: Implements the O(n?) and O(n log? n) time algorithm for
computing the quartet distance between binary trees
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computing the quartet distance between binary trees
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Counting shared (directed) quartets

Directed quartets

Idea: Iterate over all pairs of edges in the two b c
trees, and count for each pair how many >7*<
associated quartets are shared. The problem is “ d
to define “associated” such each quartet is b c
counted as most once ... 1
DY
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Counting using colouring

Idea: Alternatively, colour leaves
according to nodes in one tree
and count compatible colourings
in the other

count(e?, el) = (ﬂ“}) : (13(2] -¢(3) +b(3): C'Z:Q:I')

All colourings in one tree can be produced in O(n log n) —
Smaller half trick

Each colouring can be counted in amortized O(log n) —
Hierarchical decomposition and polynomial manipulations

Brodal et al.. Computing the Quartet Distance between Evolutionary Trees
in Time O(n log n), Algoritmica 38(2), 2003.



Comparing sets of trees

Observation: Shared sub-trees
Implies shared quartets.

Zv shared (v, v,) = Zv shared (v, ', v,)




Comparing sets of trees

Observation: We can share
results between trees by merging
them into a DAG.

Z shared (v, v,)

Va
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Experiment — DAG size

The size of the DAG depends on the similarity of the input trees
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Simulation setup

Simulating one binary tree with n leaves: evolve kn
sequences of length m on the k tree, construct k
neighbor joining trees from the resulting kn sequences



Experiment — Running time

Running time of “DAG versus DAG” algorithm on a standard Linux PC
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The “DAG-DAG” approach takes between 20 and 500
seconds for the same comparisons depending on the
similarity of the trees



Summary

Results

Utilizing shared tree structure speeds up
the computation significantly ...

Future work

Extension to non-binary trees and trees
with unequal leaf sets

Applications?
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Algorithms for partially resolved trees

Idea: lterate over all pairs of edges (or nodes) in h
the two trees, and count for each pair how many

associated quartets are shared. The problem is to
define “associated” such each quartet is counted

as most once ... L\ 1
| Different solutions

Center based O(n?) O(n)

Edge based  O(|V||V'|-d-d") O(n?)

Edge based O(n+|V||V'|-id-id") O(n+|V|IV'])

Node based O(n+|V||V'|-min{id,id"}) O(n+|V||V'])

- n is the number of species/leaves « "
worst case’-tree

- V|, [V'| are number of internal nodesin Tand T V|=id=0(n)

- id, id" are internal degree of Tand T




QuartetDist

QuartetDist: Computes quartet distance (or normalized
similarity, i.e. quartet fit similarity) between general trees
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Proc. “Rige. of APBC, 2007 O(d®n log
C. R. Doucette

A~ ~AfbiniAnnt Alvavithinn A AnmAni b ~ivionrbat Aiacivmaillavidy: simaans
ures. O(n3)

Algorithms are for fully resolved trees (binary trees) only.

Quartet distance between binary trees seems easier
to compute ...

Systematic Biology, 42(2):126—-141, 1993.

D. Bryant, J. Tsang, P. E. Kearney, and M. Li. O(n?)
Computing the quartet distance between evolutionary trees.
Proc. 11" Symp. on Discrete Algorithms (SODA), 285-286, 2000.

G. S. Brodal, R. Fagerberg, and C. N. S. Pedersen O(n log? n)
Computing the quartet distance in time O(n log n). O(n log n)
Algorithmica, 38(2): 377-395, 2003.



Counting using colouring

Idea: Alternatively, colour leaves
according to nodes in one tree
and count compatible colourings
In the other

count(e?, el) = (ﬂ“}) : (13(2] -¢(3) +b(3): C'Z:Q:I')

This approach does not explicitly consider all
pairs of nodes/edges, which makes it possible to
achieve a sub-quadratic running time

Brodal et al..: Computing the Quartet Distance between Evolutionary Trees
in Time O(n log n), Algoritmica 38(2), 2003.
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according to nodes in one tree (2

and count compatible colourings E > >
in the other
count(e?, e!) = ( , ) ( 5(2) - ¢(3) +b(3) - ¢(2))

This approach does not explicitly consider all
pairs of nodes/edges, which makes it possible to
achieve a sub-quadratic running time

ldeas can be generalized to trees of maximum
degree d . Use d colours instead of 3, use a more
complex hierarchical decomposition tree ...

Brodal et al..: Computing the Quartet Distance between Evolutionary Trees
in Time O(n log n), Algoritmica 38(2), 2003.



Counting using colouring

(General Algorithm: )
: Shared = 0.
Idea: Alternativel| - " ,,D
dina to node oreachv in T do:
=leeels g colour leaves according to v,. \/
and count compa Shared = Shared + ) shared (v, v,). >
in the other " "

Quartet Distance = :] - Shared.

JE ) (b(] .(3]4-]..3...3,’})

This approach does not explicitly consider all
pairs of nodes/edges, which makes it possible to
achieve a sub-quadratic running time

e

ldeas can be generalized to trees of maximum
degree d . Use d colours instead of 3, use a more
complex hierarchical decomposition tree ...

Brodal et al..: Computing the Quartet Distance between Evolutionary Trees
in Time O(n log n), Algoritmica 38(2), 2003.



Counting using colouring

(General Algorithm: )

. Shared = 0.
Idea: Alternativel] . . @ P
1

di ¢ g For each v, in Tf do:
2lGSelelinig) e Infelek colour leaves according : \/ \
and count compa ] > \“>

In the other

. . D\ /iion o a
tet Dista
_ Quartet Distance EfflClentIy calculated usmg hlerarchlcal )

This approach does not decomposition tree
pairs of nodes/edges, which makes it pOSSIble to
achieve a sub-quadratic running time

ldeas can be generalized to trees of maximum
degree d . Use d colours instead of 3, use a more
complex hierarchical decomposition tree ...

Brodal et al..: Computing the Quartet Distance between Evolutionary Trees
in Time O(n log n), Algoritmica 38(2), 2003.



Shared “butterfly” quartets

(General Algorithm:
Shared = 0.

FﬂreachvfinTjdﬂ: ZZ Z Z Z Zk c, ’(2)

colour leaves according to v,

1 1 4
B(C Cpyeees Cs

Shared = Shared + ZV shared (v, v,).

Quartet Distance = [:) - Shared. )

T

2

d d €

ablcd abled



Shared “star’ quartets

(General Algorithm: S, [c:, c;, ...,c:) =
Shared = 0.

ik I
Foreach v inT do: zi ZJ" zk ZI z:" Zj' zk' zrci,c;,c Cr

colour leaves according to v,.

Shared = Shared + ZV shared (v, v,).

Quartet Distance = [:) - Shared. )

abcd abcd



Colouring

‘General Algorithm:
Shared = 0.

For each v, n T; do:

colour leaves according to v,.

Shared = Shared +Zv shared (v, v,).

) n
Quartet Distance = || - Shared.

.

/

Illustration:

Invariant:

Encountering a node all leaves
below are coloured Green, all
nodes above coloured Red.
When done all leaves below the
node are coloured Red.
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Colouring

‘General Algorithm:
Shared = 0.

For each v, n T; do:

colour leaves according to v,.

Shared = Shared +Zv shared (v, v,).
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Colouring

‘General Algorithm:
Shared = 0.
For each v, n T; do:

colour leaves according to v,.

) n
Quartet Distance = || - Shared.

S

Shared = Shared +Zv shared (v, v,).

_

Smaller-half trick

Illustration:

Considering a node, only leaves
in smaller subtrees are
coloured. This means that any
leaf 1s coloured no more than
O(log(n)) times.




Colouring

‘General Algorithm:
Shared = 0.
For each v, n T; do:

colour leaves according to v,.

. n
Quartet Distance = || - Shared.

S

Shared = Shared +Zv shared (v, v,).

Smaller-half trick

Illustration:

Considering a node, only leaves
in smaller subtrees are
coloured. This means that any
leaf is coloured no more than
O(log(n)) times.

In total: All colourings takes time O(n log n) ...




Hierarchical decomposition tree

Let T be an unrooted tree of size n
with degree at most d. A component C ——
in Tis: "

A single node in T, or

A connected subset of nodes in T with
degree at most d.

A hierarchical decomposition tree H(T)
of T is a rooted binary tree:

A leaf is simple component (single
node in T).

An internal node is a composite
component of its children.



Hierarchical decomposition tree

Let T be an unrooted tree of size n
with degree at most d. A component C =
in Tis: ’

A single node in T, or

A connected subset of nodes in T with
degree at most d.

A hierarchical decomposition tree H(T)
of T is a rooted binary tree:

A leaf is simple component (single
node in T).

An internal node is a composite
COMPY) emma: A hierarchical decomposition tree H(T) of T of
height O(d log n) can be constructed in time O(dn)



Hierarchical decomposition tree

Annotation of node C in H(T)

A d-tuple denoting the number of leaves in LN
C coloured in each of the d colours. - W

&
; ext. edge 1

A function F of d x “degree of C” variables R
— representing counts of each colour in the = et eds- 2
remaining leaves of T ‘

induced subtree 1

c '--——-.._--’I.;-.I
The function F yields the number of induced subtree 2

quartets associated to nodes in C and
compatible with colouring ...



Hierarchical decomposition tree

Annotation of node C in H(T)

_ (General Algorithm: )
A d-tuple denoting the number of lea| g .red=0.

C coloured in each of the d colours. For each v, in T, do:

A function F of d x “degree of C” vari colour leaves accopding 10V,
— representing counts of each colour Shared = Shared(+ ), shared (v, v,).
remaining leaves of T

Quartet Distance = :) - Shared.
The function F yields the number of mnduced subtree 2
quartets associated to nodes in C and

compatible with colouring ...

e vy

The function at the root is a constant which (80
counts the total number of quartets '
compatible with the current colouring in

time O(1) ...



Hierarchical decomposition tree

Annotation is done bottom-up: For a leaf, it depends on whether it is a leaf
or node in 7'. For a node, it depends on the type of composition ...

Example:
o (a +a" b+ 0" "+ ")
e F(a,,b,ci,az,b>,co)

= F'(az +a",bs +b",¢e2+",a1,b1,c1)

T F”(ﬂ,l - {'z-", b, "'faj C1 + f"fj as, L‘:a Cz)




1 1 4
sz[cl, cz,.,.,cj) =

zizjzszzi'Ejrzkr I,C:,Ci,ﬂi,ﬂl

1 1
Bv (cl,cz,...,c
F

or node in 7. For a node, it depends on th

4
5

BB IS T

2

Example:

° (t’!-f 0 {_{_u? [ rr__r-*-*? i {r_u)

e F(a,,b,ci,az,b>,co)

i

— F'(az +a",bs + b, 02+ c
+ F"(a + d', by

I
s a1, b1 3 Cl)

b',e1 + ', aq, bs, )




sz[cl c. cd) =

l’ 2,111, 5

DIDIDIDID DI ID WA

or node in 7. For a node, it depends on th

12 Epreens b

Z" Z.:‘ Za— Zi. ZJ-. Zk, C:cj Ci'

2

Bv (cl c 6‘4] =

Example:

o (a +d”, 4

o F(ai,bi,ci,az, b, co)

= F'(az +a, ,eo + ' a1, b, er)

—l_F”(ﬂ.l._”lra s €1 "'('raﬂ";’a 1‘3.3:]

Observation: F is a polynomial of at most
d?variables of degree at most 4, i.e. It can
be manipulated in time O(c®) ...

Lemma: Initial annotation takes time
O(d®n). Updating the annotation when
changing a colour takes amortized time
O(a®log n) ...




(General Algorithm: )
. Shared = 0.
—ngm Foreachv inT do: ﬂn_tEQL
sz(i?:, c;, ey c; = colour leaves according to v,. ) —
Z z z Z z Shared = Shared + ), shared (v, v,). =
. . . Y ’ ! J ¢ '
i J k [ i’ ,Zirzk,circjr k
or node in 1". For Quartet Distance = :] - Shared. ) 2
M

Ex-n!=

. Colouring leaves and updating H(T) takes amortized time
O(log n x d® log n) per node v, in T.. Counting takes time

O(1) per node v, in T.. In total: O(d® n log? n).

Summing it all up

[
29 )

Obs with “contractions” in H(T) the total time can be improved
Sto O(c® nlog n) ...

~
dZVClI IAvVIUO Vi UUHIUU ail 11i1volL =T, 1.U. 1L uvdll

be manipulated in time O(c®) ...

Lemma: Initial annotation takes time
O(d®n). Updating the annotation when
changing a colour takes amortized time
O(a®log n) ...




