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aQuartet: Four named species in an 
unrooted tree

d
c
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aQuartet topology: The topology of 
the quartet induced by the tree

Quartet distance: The number of quartets that differs in 
topology between the two trees

butterfly quartetbutterfly quartet butterfly quartet star quartet
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Quartets and quartet distance

Quartet distance = binom(5,4) - 3 = 5 - 3 = 2
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QDist

http://www.birc.au.dk/~mailund/qdist.html

... we want to compare 10,000 trees of size 200 using Qdist, is 
that possible? Takes about 2·10,0002 sec ≈ 6 years ...

QDist: Implements the O(n2) and O(n log2 n) time algorithm for 
computing the quartet distance between binary trees

Immediate solution: Perform O(k2) comparisons between 
two tree using time O(n log2 n) or O(n2) each ...

Faster solution: Exploit similarities between the input trees 
by merging them into a single DAG-structure which allows 
“common subtrees” to be shared. 

All comparisons are performed by comparing the DAG against 
the input trees, or against itself.

The speed-up depends on compactness of the DAG ...



Counting shared (directed) quartets
Idea: Iterate over all pairs of edges in the two 
trees, and count for each pair how many 
associated quartets are shared. The problem is 
to define “associated” such each quartet is 
counted as most once ...
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Counting using colouring

All colourings in one tree can be produced in O(n log n) –
Smaller half trick

Each colouring can be counted in amortized O(log n) – 
Hierarchical decomposition and polynomial manipulations

Idea: Alternatively, colour leaves 
according to nodes in one tree 
and count compatible colourings 
in the other

Brodal et al.: Computing the Quartet Distance between Evolutionary Trees
in Time O(n log n), Algoritmica 38(2), 2003.



Comparing sets of trees

Observation: Shared sub-trees 
implies shared quartets.



Comparing sets of trees

Observation: We can share 
results between trees by merging 
them into a DAG.



Experiment – DAG size
The size of the DAG depends on the similarity of the input trees

Simulation setup

Simulating one binary tree with n leaves: evolve kn 
sequences of length m on the k tree, construct k 
neighbor joining trees from the resulting kn sequences



Experiment – Running time
Running time of “DAG versus DAG” algorithm on a standard Linux PC

The “DAG-DAG” approach takes between 20 and 500 
seconds for the same comparisons depending on the 
similarity of the trees

The straightforward “all-against-
all” approach takes 3000 
second for comparing 100 trees 
of size 500



Summary

Results

Utilizing shared tree structure speeds up 
the computation significantly ...

Future work

Extension to non-binary trees and trees 
with unequal leaf sets 

Applications?
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Comparing partially resolved trees
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Idea: Iterate over all pairs of edges (or nodes) in 
the two trees, and count for each pair how many 
associated quartets are shared. The problem is to 
define “associated” such each quartet is counted 
as most once ...

Algorithms for partially resolved  trees

Different solutions
Type Time Space

Center based O(n3) O(n)
Edge based O(|V||V'|·d·d') O(n2)
Edge based O(n+|V||V'|·id·id') O(n+|V||V'|)
Node based O(n+|V||V'|·min{id,id'}) O(n+|V||V'|)

- n is the number of species/leaves

- |V|, |V'| are number of internal nodes in T and T'

- id, id' are internal degree of T and T'

“worst case”-tree

|V|=id=O(n)



QuartetDist
QuartetDist: Computes quartet distance (or normalized 
similarity, i.e. quartet fit similarity) between general trees   

http://www.birc.au.dk/~chrisc/qdist/

A simple GUI
Implementation in Java by Martin Randers and Chris Christiansen
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Counting using colouring

Idea: Alternatively, colour leaves 
according to nodes in one tree 
and count compatible colourings 
in the other

This approach does not explicitly consider all 
pairs of nodes/edges, which makes it possible to 
achieve a sub-quadratic running time

Brodal et al.: Computing the Quartet Distance between Evolutionary Trees
in Time O(n log n), Algoritmica 38(2), 2003.
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Counting using colouring

Idea: Alternatively, colour leaves 
according to nodes in one tree 
and count compatible colourings 
in the other

This approach does not explicitly consider all 
pairs of nodes/edges, which makes it possible to 
achieve a sub-quadratic running time

Ideas can be generalized to trees of maximum 
degree d . Use d colours instead of 3, use a more 
complex hierarchical decomposition tree ...

Brodal et al.: Computing the Quartet Distance between Evolutionary Trees
in Time O(n log n), Algoritmica 38(2), 2003.

Efficiently calculated using hierarchical 
decomposition tree



Shared “butterfly” quartets



Shared “star” quartets



Colouring
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Colouring



Colouring

Smaller-half trick



Colouring

Smaller-half trick

In total: All colourings takes time O(n log n) ...



Hierarchical decomposition tree

Let T be an unrooted tree of size n 
with degree at most d. A component C 
in T is:

A single node in T, or

A connected subset of nodes in T with 
degree at most d.

A hierarchical decomposition tree H(T)
of T is a rooted binary tree:

A leaf is simple component (single 
node in T).

An internal node is a composite 
component of its children.



Hierarchical decomposition tree

Let T be an unrooted tree of size n 
with degree at most d. A component C 
in T is:

A single node in T, or

A connected subset of nodes in T with 
degree at most d.

A hierarchical decomposition tree H(T)
of T is a rooted binary tree:

A leaf is simple component (single 
node in T).

An internal node is a composite 
component of its children.Lemma: A hierarchical decomposition tree H(T) of T of 

height O(d log n) can be constructed in time O(dn)



Hierarchical decomposition tree

The function F yields the number of 
quartets associated to nodes in C and 
compatible with colouring ...

Annotation of node C in H(T)

A d-tuple denoting the number of leaves in 
C coloured in each of the d colours.

A function F of d × “degree of C” variables 
– representing counts of each colour in the 
remaining leaves of T  



Hierarchical decomposition tree

The function F yields the number of 
quartets associated to nodes in C and 
compatible with colouring ...

Annotation of node C in H(T)

A d-tuple denoting the number of leaves in 
C coloured in each of the d colours.

A function F of d × “degree of C” variables 
– representing counts of each colour in the 
remaining leaves of T  

The function at the root is a constant which 
counts the total number of quartets 
compatible with the current colouring in 
time O(1) ... 
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Hierarchical decomposition tree



Hierarchical decomposition tree

Observation: F is a polynomial of at most 
d2 variables of degree at most 4, i.e. It can 
be manipulated in time O(d8) ...

Lemma: Initial annotation takes time 
O(d9n). Updating the annotation when 
changing a colour takes amortized time 
O(d9 log n) ...  



Hierarchical decomposition tree

Observation: F is a polynomial of at most 
d2 variables of degree at most 4, i.e. It can 
be manipulated in time O(d8) ...

Lemma: Initial annotation takes time 
O(d9n). Updating the annotation when 
changing a colour takes amortized time 
O(d9 log n) ...  

Summing it all up
Colouring leaves and updating H(T) takes amortized time 
O(log n × d9 log n) per node v1 in T1. Counting takes time 
O(1) per node v1 in T1. In total: O(d9 n log2 n).

... with “contractions” in H(T) the total time can be improved 
to O(d9 n log n) ...


