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HMM joint probability distribution

p(X,Z|®) = p(zi1|r) | | | p(z0|20—1, A)

n—>2

p(Xn‘Znagb)

F=T

Sequence of N
hidden states from Model parameters:
a set of K states:

X_:{le... XN 7 = {Zl,... @:{W,A,¢}

T?m

If A and @ are the same for all n then the HMM is homogeneous



ML E2021 / CNSP 3/38

HMM joint probability distribution

- N 1 N
p(X, Z|®) = p(z:|r) H P(2zn|2n—1, A) H (Xn|2n, @)
| n=2 1 n=1
Sequence of N
Ay 3 g T -
5 K e b b K {—_ \
oo 2 <'—J / ML »
Aggfpf.:..ﬂfzh-.,fﬂ=“?r:.rm‘.' K q}“*“' ?(“*’* [Tl

If A and @ are the same for all n then the HMM is homogeneous
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Decoding using HMMs

Given a HMM © and a sequence of observations X = x_,...,x, ,

find a plausible explanation, i.e. a sequence Z* = z*4,...,z*y of
values of the hidden variable.

Viterbi decoding
Z* is the overall most likely explanation of X:

7" = arg m&mxp(X, Z|0©)

Posterior decoding

z*,is the most likely state to be in the n'th step:

2, = argmaxp(z,[xi. ... xx)

T
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Viterbi decoding

Given X, find Z* such that: Z* = arg max p(X, Z|©®)
Z

p(X, Z")

mzaxp(X,Z): max P(Xi,...,XN;,Z1y---,ZN)
= max max p(Xi1,...,XN,Z1,...,ZN)
ZN Z1l,...y4N -1

= maxw(zy)
ZN

Zy = argmaxw(zy)
ZN

Where w(z,)= max p(xi,...,X,,%1,...,%,) IS the probability

Z1,..., Zn—1

of the most likely sequence of states z.,...,z_ending in z_generating

the observations x_,...,x_
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Viterbi decoding

Given X, find Z* such that: Z* = arg mzaxp(X, Z|0©)

p(X.Z°) = maxp(X,Z) = mox [GIIISOENIEISSEERE
Z Z1,..-, ZN |
= max max p(Xi,...,XnN #
ZN Z1l,...y4N -1
= maxw(zy) Kk
ZN
Zy = argmaxw(zy)
o 1 n N
Where w(z,)= max p(xq,...,Xp,%1,...,%,) IS the probability

Z],..-y Znp—1

of the most likely sequence of states z.,...,z_ending in z_generating

the observations x,...,x

n
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The w-recursion

w(zn) = . I'?aéx_lp(xl, ey Xy By e e ey Zi)

n

= max  p(z) Hp(Zz'\Zi—l) HP(Xi|Zi)

Z]1y.--3Zn—1 .
1=2

n

= p(x,|zn) max p(zl)Hp(Zi\Zq;—l)ﬂp(xi‘zi)

Z1y.9Zn—1 .
1=2

Z]ye.hZn—1

= p(xn|zn) max  p(z1)p(zn|Zn-1) H p(zi|zi—1) H p(Xi|zi)

= p(Xn|zn) max max p(zl)p(znlzn—l)Hp(zilzi—l)ﬂp(xi\zi)

Zn—121yc0y2dn—2
n—1 n—1
— (xn\zn)maicp(zn\zn 1)Z max 2p Z1) Hp (z;|Z;—1) Hp (x;]2;)
“n b 1=2 1=1

= p(Xn|Zn) maxp(zn\zn 1)w(Zn—1)

Zp 1
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The w-recursion

w(zn) = max  P(Xi,.-«sXn, Z1s---,%n)
Z]yiisZnpn—1

n n

= max p(z1) Hp(Zz'\Zi—l) Hp(xi|zz’)

Z] yiiylp_ 1 . 3
1=2 1=1

n n—1

= p(x,|z,) max p(Zl)HP(Zz"Zi—l)ﬂp(xi‘zi)

Z1,..-9Zn—1 .
1=2

Z]yeiisZn—1

n—1 n—1
= p(xnlzn) max  p(z1)p(zalzn—1) | [ p(zilzi1) || p(xilzs)
1=2 1=1

n—1 n—1
= p(Xn|zp) max  max  p(z1)p(znlzn—1) || p(zilzio1) || p(xil2s)
1=2 1=1

Zn -1 214...y24pn 2
n—1 n—1
= p(xXp|zn) Izr}ach(zn\zn_ﬂ - Max 2P(Z1) H p(zi|zi—1) H p(xi|z;)
— T i=2 i=1

= p(xp|2zn) max p(z,|2z,—1)w(zn—1)

Zn—1
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The w-recursion

w(z ) is the probability of the most likely sequence of states z.,...,z_
ending in z_generating the observations x.,...,x_

recursion: WKl = w(z,) if 2, is state k
W(Zp) = p(Xn|Zn) max w(Zz,—1)p(2n|Zn—1) \

Zpn—1

Basis:
w(z1) = p(X1,2z1) = p(z1)p(x1|21)
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The w-recursion

/l Pseudo code for computing w[k][n] for some n>1

wlk][n] = 0 )f states z_,...,2_
forj=1to K:
wlk][n] = max( wlK][n], p(x[n] | k) * w[j][n-1]1 " p(k |)))
W(zZp) = max p(Xi,...,Xn,Z1,---,Zpn)
Z),....244 ]

recursion: WKl = w(z,) if 2, is state k
W(Zp) = p(Xn|Zn) max w(Zz,—1)p(2n|Zn—1) \

Zpn—1

Basis:
w(z1) = p(X1,2z1) = p(z1)p(x1|21)
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The w-recursion

// Pseudo code for computing w[k][n] for some n>1

wlk][n] = 0 )f states z_,...,2_
forj=1to K:
wlk][n] = max( wlK][n], p(x[n] | k) * w[j][n-1]1 " p(k |)))
W(zZp) = max p(Xi,...,Xn,Z1,---,Zpn)
Z),....244 ]

recursion: WK = w(z,) if 2,s state k-
W(Zp) = p(Xn|Zn) max w(Zz,—1)p(2n|Zn—1) \

Zpn—1

Basis:
w(z1) = p(x1,21) = p(z1)p(X1|21)

Computing w takes time O(K?N) and

space O(KN) using memorization 1 n N
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Viterbi decoding — Retrieving Z*

w(z ) is the probability of the most likely sequence of states z.,...,z_
ending in z_generating the observations x_,...,x . We find Z* by
backtracking:

zy = argmaxw(zy)= argmaxmax (p(xXy|zn)w(zn—1)p(zn|zn-1))
ZN ZN 4N -1
2y = argmax (p(xy|zy)w(zy-1)p(zy]2n-1))

ZN -1
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// Pseudocode for backtracking EVi n g Z*
Z[1..N] = undef
z[N] = arg max, w[K][N] - of states Z,.,Z2
forn=N-1to 1: Ne find Z* by
z[n] = arg max, ( p(x[n+1] | z[n+1]) * wK][n] * p(z[n+1]| k) )

print z[1..N]

Zny = arg Hzlaxw(zN) = argmax max (p(xn|zN)w(Zn-1)p(zNn|ZN-1))
zy_y = argmax (p(xylzi)w(zy-1)p(zi|zn-1))
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// Pseudocode for backtracking EVi n g Z*
Z[1..N] = undef
z[N] = arg max, w[K][N] - of states Z,.,Z2
forn=N-1to 1: Ne find Z* by
z[n] = arg max, ( p(x[n+1] | z[n+1]) * wlK][n] * p(z[n+1] | k) )
print z[1..N]
Zny = arg n’zlaxw(zN) = argmax max (p(xn|zN)w(Zn-1)p(zNn|ZN-1))

Zy_y = argmax (p(xnlzh)w(zN-1)p(2} 2N -1))

Backtracking takes time O(KN) and K

space O(KN) using w //

WKl = (z,) i s state k.
1
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Decoding using HMMs

Given a HMM © and a sequence of observations X = x_,...,x, ,

find a plausible explanation, i.e. a sequence Z* = z*4,...,z*y of
values of the hidden variable.

Viterbi decoding
Z* is the overall most likely explanation of X:

7" = arg m&mxp(X, Z|0©)

Posterior decoding

z*,is the most likely state to be in the n'th step:

zZ, = argn;axp(zn\xl, XN

T
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Posterior decoding

Given X, find Z*, where z, = arg max p(z,|X1,...,XyN)

T

IS the most likely state to be in the n'th step.

p(Zn|X1, ..., XN) = P(Zn, X1, XN)
p(X1,...,XN)

(Xt Xy Z)P(Xng1s - - XN By X - -5 X))
N p(X1,...,XN)
(Xt X0y Z)P(Xng1s - - - XN | Z0)
N p(X1,...,XN)
_ (zn)B(2n)
- p(X)

2 = argmax p(za|xi, .., Xn) = argmax azn)(zn)/p(X)

Zn Zn
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Posterior decoding

a(z ) is the joint probability of observing x.,...,x_and being in state z_

o(zn) = p(X1,---,Xn,2n)

B(z ) is the conditional probability of future observation x__,...,x
assuming being in state z_

N

B3(zn) = p(Xnt1,---,XN|Zn)
alklin] = a(z ) if z is state k BIkI[n] = B(z ) if z_is state k
// \\#
k k (
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Posterior decoding
a(z ) is the joint probability of observing x.,...,x_and being in state z_
o(zn) = p(X1,---,Xn,2n)

B(z ) is the conditional probability of future observation x__,...,x
assuming being in state z_

N

B3(zn) = p(Xnt1,---,XN|Zn)

Using a(z ) and B(z ) we get the likelihood of the observations as:

p(X) =) a(2,)5(2n) p(X) =) a(zy)

2l = argmax p(z,|x1, ..., Xy) = arg max a(z,)8(z,) /p(X)

Zy Z,,
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The forward algorithm

a(z ) is the joint probability of observing x.,...,x_and being in state z_

o(zn) = p(X1,---,Xn,2n)

alkl[n] = a(z ) if z_is state k
\

\

K )

N
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The a-recursion

p(xla"'7xnazn)
Z (X1, Xy 21y - -y Zn)
Z1,..sZin—1
n n
Z p(zl)Hp(ZiIZi—l)Hp(xz’|zi)
Z1,..sZn—1 1=2 =1
n n—1
p(xnlzn) > plz) | pzilzio1) || p(xilz)
Z1,..., Zn—1 =2 =1
n—1 n—1
p(Xnlzn) Y p(Zl)P(anzn—l)HP(Zz‘!Zz'—l) HP(Xz'|Zz')
Z1,...yZn—1
Xn‘zn Z Z Zn’Zn 1 szz‘zz 1 prz|z
Zypy _12Z],y...92p—

p(xnlzn) 3 p(znlzn-1) D plz1) || p(zilzi) ][ pixilz)

Zy 1 Z],..., Zy —

p(xn|zn> Z p(znlzn—l)a(zn—l)

Zn—1

20/38
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The a-recursion

p(xla ey Xny Zn)
Z (X1, Xy 21y - -y Zn)
Z1,..sZin—1
mn n
Z p(zl)Hp(ZiIZi—l)Hp(xz’|zi)
Z1,..sZn—1 1=2 =1
n n—1
p(xnlzn) > plz) | pzilzio1) || p(xilz)
Z1,..., Zn—1 =2 =1
n—1 n—1
pP(Xnlzn) > p(z1)p(zn|zn—1) || p(zilzio1) | | p(xilz:)
Z1,...yZn—1 1=2 1=1
n—1 n—1
p(xn‘zn> Z Z p(zl)p(znlzn—l) H p(zz‘zz—l) H p(Xz|Zz)
Zp 1 21y rZp— 2 =2 =1
n—1 n—1

21/38
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The forward algorithm

a(z ) is the joint probability of observing x.,...,x_and being in state z_

o(zn1,1) of2zn,1)
a(zy) = p(X1,y. .., Xn, Zp)
Recursion:
a(zn) — p(Xn|Zn) Z Oé(Zn_l)p(Zn‘Zn—l)
Zn—1
Basis:

a(z1) = p(x1,21) = p(z1)p(x1|21)
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The forward algorithm

// Pseudo code for computing a[k][n] for some n>1

alk][n] =0

forj=1to K: a(zn-1,1) (zn,1)
alkln] = alk][n] + p(x[n] | k) * a[j1In-1] * p( k| j)

being in state z_

Recursion:

a(zn) = p(Xn|2n) Z (Zn—1)P(Zn|Zn—-1)
Zp—1

Basis:

a(z1) = p(x1,21) = p(z1)p(x1|21)
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The forward algorithm

// Pseudo code for computing a[k][n] for some n>1

alk][n] =0

forj=1to K: a(zn-1,1) (zn,1)
alkln] = alk][n] + p(x[n] | k) * a[j1In-1] * p( k| j)

being in state z_

Recursion:

a(zn) = p(Xn|2n) Z (Zn—1)P(Zn|Zn—-1)
Zp—1

Basis:

a(z1) = p(x1,21) = p(z1)p(x1|21)

Computing a takes time O(K?N) and -
space O(KN) using memorization - 1 n N
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The backward algorithm

B(z ) is the conditional probability of future observation x__,...,x
assuming being in state z_

N

B3(zn) = p(Xpt1,---,XN|Zn)

BIKIIn] = B(z ) if z is state k
\

\
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The B-recursion

P(Xnt1,---, XN|2Zn)

Z P(Xnt1y-eo s XNy Zntly---,ZN|Zn)

Zpn41,--9yZN

Z P(Xpt1s s XNy Zny Zntly-- -, ZN)/D(Zn)

Zn41,--ZN

N N
Z p(zn) || pilzict) [] p(xilzi)/p(zn)
Zpt1,--,ZN 1=n—+1 i=n+1
N
> H p(zilzic1) [] p(xlz:)
Zpt1,---,ZN 1=n—+1 i=n-+1
N N
Y > p(Enlza)p(xnstlzas) [ pzilzic) [] plxilzi)
Zpd1lZnt2y-EN 1=n-+2 1=n-+2
N N
> pEnilza)p(xntilzar) Y]] plzilzioy) ] p(xilz)
Zyp 1 Zpi2,.-, 4N 1=Nn+2 1=n-2
> p(Zni1|zn)p(%ns1|Zns1)P(Kntas - - XN|Zng1)

Zn+1

Z P(Zn41|20)P(Xn11|2Zn+1)8(Zn11)

Zn41

26/38
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The B-recursion

B(zn) = pXnti,---,XN|Zn)

Zpn41,--9yZN

- Z p(Xn+1,...,XN,Zn,Zn+1,...,ZN)/p(Zn)

Zn41,--ZN

N N
= > ) ] pzilzic) [] p(xilzi)/p(zn)
Zn41,--ZN 1=n-+1 i=n—+1
= Z H pZz‘ZZ 1 H Xz|Zz
Zy T vzl =1+ 1 1=n41
N N
Y > p(Enlza)p(xnstlzas) [ pzilzic) [] plxilzi)
Zn41 Zn42;..ZN 1=n-+2 1=n-+2
N N
Zp(znﬂ\zn)p(xnﬂfznﬂ Z H p(zi|Zi-1) H p(@
Zn+1 Zp 42, =n42 1=n+2
Z P(Zn+112Zn)P(Xnt1|Zn+1)P(Xnt2, - - XN |Znt1)

Zn+1

C= 2 pEmalm)pGon ) B>
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The backward algorithm

B(z ) is the conditional probability of future observation x__,...,x
assuming being in state z_

B3(zn) = p(Xpt1,---,XN|Zn)

Recursion:

B(zn) = Z B(Zn+1)P(Xn+1|Zn+1)p(
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The backward algorithm

// Pseudo code for computing B[k][n] for some n<N

BIK|[n] = 0 10N Xn+1,...,XN
forj=1to K:
BIKI[N] = BIKI[N] + p(j | k) * p(X[n+1] | /) * BLj ][n+1]
B3(zn) = p(Xpt1,---,XN|Zn)
Recursion:

B(zn) = Z B(Zn+1)P(Xn+1|Zn+1)p(
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The backward algorithm

// Pseudo code for computing B[k][n] for some n<N

BIK][A] = 0 ionx__.,....X,
forj=1to K:
BIKI[N] = BIKIIN] + p(Jj | k) * p(x[n+1] | j) * BLj 1[n+1] st e
,G(Zn) Ep(Xn+1,...,XN|Zn) k=1 An
™ p(alzn11,0)
Recursion: | Zn11,2)

™ p(xn |2 11,2)
ﬁ(znﬂ,s)

B(zn) = Z B(Zn+1)P(Xn+1(2n+1)P(2n41(20) 0

BaSiS: i T 1‘\}'9(3'1n|2n+1,3)
Blzn) =1 p
Computing B takes time O(K2N) and //
space O(KN) using memorization I 1 n N
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Posterior decoding
a(z ) is the joint probability of observing x.,...,x_and being in state z_
o(zn) = p(X1,---,Xn,2n)

B(z ) is the conditional probability of future observation x__,...,x
assuming being in state z_

N

B3(zn) = p(Xnt1,---,XN|Zn)

Using a(z ) and B(z ) we get the likelihood of the observations as:

p(X) =) a(2,)5(2n) p(X) =) a(zy)

2l = argmax p(z,|x1, ..., Xy) = arg max a(z,)8(z,) /p(X)

Zy Z,,
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/I Pseudocode for posterior decoding |g
Compute a[1..K][1..N] and B[1..K][1..N] _ _
oX = al1][N] + a[2][N] + ... + a[KI[N] d being in state z_
z[1..N] = undef
forn=1to N.

z[n] = arg max, ( alk][n] * BIk][n] / pX) _
print z[1..N] ation Xpsgr Xy
assuming being In state z

B3(zn) = p(Xnt1,---,XN|Zn)

Using a(z ) and B(z ) we get the likelihood of the observations as:

p(X) =) a(2,)5(2n) p(X) =) a(zy)

2l = argmax p(z,|x1, ..., Xy) = arg max a(z,)8(z,) /p(X)

Zn Zn
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Viterbi vs. Posterior decoding

A sequence of states z;,...,zy where p(Xi,...,Xn, Z1,...,Zy) > 0 is a
legal (or syntactically correct) decoding of X.

Viterbi finds the most likely syntactically correct decoding of X.
What does Posterior decoding find?

Does it always find a syntactically correct decoding of X?
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Viterbi vs. Posterior decoding

A sequence of states z;,...,zy where p(X4,...,Xn, Z1,...,2Zv) > 0 IS A
legal (or syntactically correct) decoding of X.

Viterbi finds the most likely syntactically correct decoding of X.
What does Posterior decoding find?

Does it always find a syntactically correct decoding of X?

Emits a sequence of A and Bs fol-
lowing either the path 12....2 or
13....3 with equal probability

|.e. Viterbi finds either 12...2 or
13...3, while Posterior finds that 2
and 3 are equally likely for n>1.
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Recall: Using HMMs

= Determine the likelihood of a sequence of
observations.

= Find a plausible underlying explanation (or
decoding) of a sequence of observations.

p(X|O®) = Zp X,Z|9) = Za(ZN)

The sum has KNterms, but it turns out that it can be computed
in O(K?N) time by computing the a-table using the forward
algorithm and summing the last column:

p(X) = alT][N] + a[2][N] + ... + a[K][N]
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Summary

= Viterbi- and Posterior decoding for finding a
plausible underlying explanation (sequence of
hidden states) of a sequence of observations.

= forward-backward algorithms for computing
the likelihood of being in a given state in the
n'th step, and for determining the likelihood of a
sequence of observations.
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Viterbi

Recursion: w(z,) = p(X,|z,) maxw(z,_1)p(Z,|Zn_1)

n—1

Basis: w(z1) = p(X1,21) = p(z1)p(x1]|21)

Forward

Recursion: ®(Zn) = p(Xn|2Zy) ZCY (Zn—1)p(2n|2Zn—1)

Zp 1

Basis: a(z1) = p(xX1,21) = p(21)p(x1|21)

Backward

Recursion:

Basis: flzn) =1
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Problem: The values in the w-, a-, and 3-tables can come very
close to zero, by multiplying them we potentially exceed the
precision of double precision floating points and get underflow

Next: How to implement the basic algorithms (forward,
backward, and Viterbi) in a “numerically” sound manner.

Recursion: ®(Zn) = P(Xn|2y) Z@Zn 1)P(Zn|Zn—1)

Zp 1

Basis: a(z1) = p(x1,21) = p(z1)p(X1|21)

Backward

Recursion: Blzn) = Z B(Zn41)p(Xn+1(2n+1)P(Zn+1]2n)

Basis: flzn) =1
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